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Abstract 
Osipenko and Simonov[1] developed a model of compressible jet penetration that is self-consistent in that the same Hugoniot relation, Us 
= C0 + S1Up, was used both to describe the shock that occurs in each material at high velocities and to derive the equation of state of each 
material. Flis[2] extended this to a quadratic Hugoniot relation and a non-constant specific heat; comparison of model predictions with 
hydrocode computations of copper jets penetrating polymethyl methacrylate (without strength effects) showed excellent agreement. Here, 
this model is extended to include also target strength effects, in the manner of the models of Eichelberger[3], Alekseevskii[4], and 
Tate[5]. With adjustment of the value of target resistance Rt, the model can be well fit to results of hydrocode computations over a wide 
range of materials and jet velocities. 
© 2012 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Hypervelocity Impact Society. 
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Nomenclature 
C0 bulk sound speed (m/s) 
E specific internal energy (J/kg) 
L jet length (m) 
p pressure (Pa) 
P penetration (m) 
Rt target resistance to penetration (Pa) 
S1, S2 terms in shock-velocity particle-velocity Hugoniot relation (dimensionless) 
U penetration velocity (m/s) 
v specific volume (m3/kg) 
V jet velocity (m/s) 
W flow velocity in moving coordinates, relative to stagnation point (m/s) 
Y yield strength or plastic flow stress (Pa) 
Greek symbols 
 mass density (kg/m3) 
 Grüneisen parameter (dimensionless) 
Subscripts 
h value along the Hugoniot curve 
j jet 
t target 
0 initial or standard value 
1 value behind a shock 
2 value at stagnation point (in moving coordinates) 
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1. Introduction 
1.1. Incompressible models of jet penetration 
For computing jet penetration, Birkhoff et al.[6] proposed the hydrodynamic (incompressible) Bernoulli relation 
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where V and U are the jet and penetration velocity, and j and t are the jet and target densities, respectively. This equation 
may be solved for the penetration velocity, 
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Integrating the penetration velocity for a uniform-velocity jet of length L yields the total depth of penetration P, 
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This equation, called the density law, the Hill-Mott-Pack equation, or the hydrodynamic limit, indicates that the penetration 
depends only on the ratio of jet and target densities and no other properties. 
Eichelberger[3], in penetration versus time experiments, verified the accuracy of Eq. (1) at early times and short 
standoffs where the jet has a high velocity and is not yet broken. At low velocities, however, the strengths of the jet and 
target have a significant effect, for which he proposed a formula that is now usually written as 
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where Yj is the uniaxial yield strength of the jet and Rt is the resistance of the target to penetration, usually taken as some 
c yield strength. Solving this equation for U yields 
  
jt
j
jt
jt
j
t
t
jt
j
t
jt
V
YRV
YR
VV
U
for ,
2
for ,1
)(2
1
1 2
 (5) 
For a uniform-velocity jet, the penetration per unit length of jet is 
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1.2. Previous compressible models of jet penetration 
Allison and Vitali[7] and Harlow and Pracht[8] considered the effects of compressibility in penetration by metal jets into 
metal targets and concluded that its effect on penetration depth is small, even for a much more compressible metal target, 
such as aluminum. 
Haugstad[9] and Haugstad and Dullum[10] developed the first complete model of compressible jet penetration, including 
consideration of the presence of shocks in the target and jet; modeling of temperatures was also included. Their model 
calculations showed that, for a very compressible target (Plexiglas), the effect could be quite significant. 
Flis and Chou[11] extended this model to other equations of state (EOS) and applied it to stretching jets, in which the 
effect of compressibility is compounded, to have even greater effect. 
Backofen[12] developed a model that accounts for compressibility when the flow becomes supersonic, based on a linear 
Us-Up Hugoniot relation. 
Federov and Bayanova[13] developed a simplified model that combines a linear Us-Up relation to describe the shock with 
the modified Tait equation to relate the pressure and volume in the isentropic flow between the shock and stagnation point. 
The simplicity of their model allows an algebraic solution, without need of integration. 
Osipenko and Simonov[1] developed a self-consistent model of compressible penetration, in that the EOS is derived 
from the same Hugoniot (a linear Us-Up relation) used to describe transitions across the shocks. Integration of the EOS 
along with an adiabatic condition describes the flow between shock and stagnation. 
Flis[2] extended this model to incorporate a quadratic Us-Up Hugoniot and a non-constant specific heat based on the 
Debye theory for computing temperatures. Comparison with hydrocode computations showed good agreement. 
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2. Present model 
In the present model, it is assumed that the penetration process has reached a steady state; the jet has no strength, i.e., Yj = 
0, which in hydrocode computations allows a steady state to be approached (otherwise, the jet or rod will decelerate); the 
strength of the target is modeled 
stress; the jet and target materials are compressible, following a Mie-Grüneisen EOS derived from a linear or quadratic 
relation of shock velocity to particle velocity; at sufficient velocities, standing shock waves will develop in the jet and 
target; along streamlines not crossed by shocks, the flow is de  
The model equations, given in the Appendix, follow Flis[2] except that the initial target pressure p0t, which is equivalent 
to Rt ctor of 4.5 gives good agreement between the model and 
hydrocode computations for a copper jet penetrating steels of various strengths. This is the same value suggested by Hill, 
Mott, and Pack[14] for consistency with quasi-static plastic indentation (see Bishop, Hill, and Mott[15]). Slightly different 
factors give better agreement for other material combinations. 
3. Hydrocode methodology 
To compare with the model, computations were performed with the CTH hydrocode[16] in two-dimensional 
axisymmetry. A 4-mm-radius, 400-mm-long jet of uniform velocity impacts a semi-infinite target. To allow the solution to 
approach a steady state, the strength of the jet was set to zero. A finite-difference mesh with a minimum cell size of 0.25 
mm was used, with an expanding mesh outside the penetration zone (X > 2 cm). Calculations with larger and smaller mesh 
sizes indicated that this mesh approaches convergence. Typical results for an 8-km/s copper jet penetrating polymethyl 
methacrylate (PMMA) are shown in Fig. 1. Note the bow shock ahead of the penetration zone, which is of course a 
manifestation of compressibility. 
 
 
Fig. 1. Velocity contour plots at one-third the final time (11.3 s for this computation of a copper jet penetrating PMMA at a velocity of 8 km/s), left, and 
. 
Results were analyzed by the following method: when the penetration reached a depth of about 6.5 cm, the 
computational time and actual depth, read from an enlarged material plot, were recorded; this was repeated when the 
penetration reached about 19.5 cm. From these data, the penetration velocity U was computed. Then the penetration per unit 
jet length was computed by dP/dL = U/(V  U) and compared with the density-law value of Eq. (3). 
4. Results 
4.1. Calculated results, no strength 
The model was exercised for a copper jet penetrating polymethyl methacrylate (PMMA) using the material properties in 
Table 1. The results are shown in Fig. 2, a plot of penetration per unit jet length relative to the density law versus jet 
velocity. Two model curves are shown, one accounting for the presence of the shocks and the other not; the curves coincide 
up to a jet velocity of about 3.7 km/s, when a shock begins to occur in the target. 
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Table 1. Material properties 
 Copper PMMA Steel Aluminum 
Initial mass density, 0 (Mg/m3) 8.93 1.186 7.85 2.707 
Bulk sound speed, C0 (km/s) 3.920 2.300 3.574 5.250 
Hugoniot parameter, S1 1.488 1.750 1.92 1.37 
Hugoniot parameter, S2 0.0 0.13 0.068 0.0 
Grüneisen coefficient, 0 1.96 0.91 1.69 1.97 
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Fig. 2. Ratio of penetrations predicted by the compressible and incompressible models vs. jet velocity for a copper jet penetrating PMMA, with and without 
accounting for shocks in the compressible model. 
This result shows that the effect of accounting for the shock in the target is to increase the penetration relative to not 
accounting for the shock. As dis -volume Hugoniot curve is stiffer (i.e., 
less compressible) than its isentrope, so that accounting for the shock makes the target seem less compressible, and hence 
reduces the effect of compressibility. This trend is opposite that predicted by the models of Haugstad and Dullum[10] and of 
Flis and Chou[11], which indicated a greater effect of compressibility when shocks are considered. Further, since the 
Hugoniot curve and isentrope are not far apart, the predicted effect of consideration of the shock is not large. 
4.2. Comparison with hydrocode computations without strength 
Figure 2 includes points so computed for targets of copper and PMMA. For a jet and target both of copper having no 
strength, the compressible and incompressible models predict the same penetration velocity, exactly equal to V/2; thus, the 
ratio between the models is unity. However, the CTH-computed ratios fall 1% to 2% below unity, which is attributed to the 
U increases very slowly with increasing 
depth into the target). 
For the PMMA target, the data closely follow the compressible model curve (with shocks), falling below it by about the 
same small amount as the copper-target computed points fall below unity. This provides some verification of the model. 
4.3. Comparison with hydrocode computations with target strength 
Copper jets penetrating steels of three yield strengths Y, 0.5, 1, and 2 GPa, were computed using the model and the 
hydrocode. CTH computations were performed as above except that strength effects were turned on, using an elastic-
 PTRAN (Phase TRANsition) equation of state was used for iron and Mie-Grüneisen for 
copper. The model used Mie-Grüneisen for both. 
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Results are compared in Figs. 3 through 5 relative to the incompressible theory, Eq. (3), and versus the incompressible 
model with strength, Eq. (6). Note that, in these cases, the effect of compressibility is to only slightly increase penetration 
relative to the incompressible model with strength, and again accounting in the model for the presence of shocks makes little 
difference in its results. Agreement between the code results and the model is in every case within a couple of percent, 
which is about the same as for similar computations of a copper jet and target (both strengthless), discussed above. Model 
predictions agree well with code results f stance Rt is taken as a 
constant 4.5 times Y. This factor has the same value as that proposed by Hill, Mott, and Pack[14] based on quasi-static 
plastic indentation and as reinforced by the comparisons of Tate[5] with penetration experiments with steel targets. 
However, agreement improves slightly when the factor is adjusted for target yield strength, as suggested by Partom et 
al.[17], according to their formula Rt/Yt = 5.0  0.46Yt (GPa) based on computations of strengthless tungsten-alloy rods 
penetrating RHA. (Rosenberg and Dekel[18] also showed a decrease in Rt with increasing Yt, according to Rt/Yt = 1.38[1 + 
½ln(2E/3Yt )] for tungsten rods penetrating tungsten and steel targets at 2.2 km/s.) 
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Fig. 3. Ratio of predicted penetrations to the density law vs. jet velocity for a strengthless copper jet penetrating steel with Y = 0.5 GPa. 
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Fig. 4. Ratio of predicted penetrations to the density law vs. jet velocity for a strengthless copper jet penetrating steel with Y = 1 GPa. 
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Fig. 5. Ratio of predicted penetrations to the density law vs. jet velocity for a strengthless copper jet penetrating steel with Y = 2 GPa. 
The effect of compressibility is more evident for a PMMA target penetrated by an aluminum jet, as shown in Fig. 6. In 
this case, the model achieved the best agreement with code results by using a target resistance Rt equal to 4.0 times Y. The 
effect of compressibility is to significantly reduce the penetration relative to the incompressible model with strength. The 
compressible model predicts a slight maximum penetration relative to the density law at a jet velocity of about 4 km/s, 
below which strength effects reduce penetration and above which compressibility effects overtake the diminishing effect of 
strength. Again, accounting for shocks reduces the effect of compressibility. 
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Fig. 6. Ratio of predicted penetrations to the density law vs. jet velocity for a strengthless aluminum jet penetrating PMMA with Y = 70 MPa. 
For a PMMA jet penetrating aluminum, shown in Fig. 7, the effect of compressibility is to increase the penetrations at 
higher velocities to almost 10% above that predicted by the density law and even farther above that predicted by the 
incompressible model with strength. The best agreement between code and model is obtained when the model used a target 
resistance of 4.8 times Y. 
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Fig. 7. Ratio of predicted penetrations to the density law vs. jet velocity for a strengthless PMMA jet penetrating aluminum with Y = 300 MPa. 
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5. Conclusions 
A model that incorporates the effects of compressibility and strength in a unified, self-consistent formulation has been 
developed. Comparisons with hydrocode computations show that the model provides an accurate treatment of strength 
effects for low-compressibility metallic targets as well as of compressibility for high-compressibility non-metallic targets 
and jets. The effect of accounting for the existence of a shock wave in the target is shown by this model to decrease the 
effect of compressibility, a trend opposite that shown in previous work. 
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Appendix A. Model Equations 
This appendix summarizes the equations used in the compressible jet penetration model with strength and describes a 
scheme for their solution. Equations for computing temperatures, given by Flis[2], are auxiliary to the penetration model 
and are not repeated here. This development largely follows previous work by Haugstad[8], Haugstad and Dullum[9], and, 
most closely, Osipenko and Simonov[1]; the equations are reproduced from Flis[2], with some additional details and minor 
changes for computational efficiency. 
The quadratic Hugoniot relation of shock velocity to particle velocity Up, 
   2
0
2
10 pps UC
SUSCU  (A-1) 
is adopted. This is used with the Mie-Grüneisen EOS, 
   
pp
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where E is specific internal energy, p is pressure, v = 1/  is specific volume, and  is the Grüneisen parameter, which is 
assumed to be given by the relation  = 0 0. Energy Eh and pressure ph along the Hugoniot are given by 
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where 00 vvv . Equation (A-4) is derived from Eq. (A-1) and the Rankine-Hugoniot relations. 
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The flow is visualized from a viewpoint moving with the penetration zone, that is, at the penetration velocity U, as shown 
in Fig. A-1. Then the point on the centerline at the interface between jet and target is a stagnation point. Let W denote flow 
velocity at any point along the central streamline toward the stagnation point. The boundary conditions are: 
in the target, UW t0 ;  tt Rp0 ;  
tt
t
t
p
E
00
0
0  (A-5) 
and, in the jet, UVW j0 ;  jj Yp0 ;  
jj
j
j
p
E
00
0
0  (A-6) 
 
 
Fig. A-1. Flow field in moving coordinates and flow stations. 
If the flow in either body toward its stagnation point is supersonic (W0 > C0), then a shock will stand at some distance 
from the stagnation point. Conditions across the shock at states 0 and 1 are related by the Rankine-Hugoniot equations, 
   1100 WW  (A-7) 
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The velocity of the shock relative to the material ahead of it is Us = W0, and the flow velocity behind the shock is W1 = Us 
 Up. Thus, by Eq. (A-1), 
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By Eqs. (A-7)-(A-9), the remaining properties behind the shock are given by 
   0101 WWvv  (A-11) 
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Conditions at states 1 and 2 are related by the compressible Bernoulli equation, which may be written as 
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where the internal energies are related by the isentropic relation, 
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with the integral taken along the isentrope. If there is no shock, Eqs. (A-7) through (A-13) are not used, and Eq. (A-14) is 
applied instead between states 0 and 2. 
To integrate along the isentrope, Eqs. (A-2) and (A-3) are combined to get 
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where the function g is defined as 
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(Note that it is using this form for energy that requires the non-zero initial conditions on energy in Eqs. (A-5) and (A-6).) 
Combining the isentropic condition, dE pdv, with the differential of Eq. (A-16), recalling that the product  is assumed 
constant, and rearranging yield 
  )( pdvdgdp  (A-18) 
At successive incremental points along the isentrope progressing from station 1 in the direction of decreasing volume then, 
  ))(()()( 112
1
11 iiiiiiii vvppvgvgpp  (A-19) 
Solving this explicitly for pi yields 
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To find state 2, where the integration ends, observe that, at any point i along the streamline from state 1, the compressible 
Bernoulli equation, 
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must hold. To find state 2, this equation is combined with Eq. (A-16) to get 
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which is evaluated at each point i until Wi2 , since state 2 is a stagnation point, where W2 = 0. On detecting that Wi2 < 0, 
the volume integration increment is halved, integration of this step is repeated, and the process is resumed; this halving is 
repeated thrice, in order to stop the integration closer to the point of zero velocity. Once the stagnation point is reached, the 
energy there is found from Eq. (A-16). 
A last condition requires equilibrium across the interface between the stagnation points, p2j = p2t. To apply this, Eqs. (A-
9) and (A-14) are combined to 
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Setting W2 = 0, this equation may be solved for p2, 
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Applying this in the target, where W0t = U, and in the jet, where W0j = V  U, and equating stagnation pressures yields 
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which, defining tjjt vvvv 2020 , may be rearranged to 
  2
02
1
00200200
0
0
2
U
EEEEpp
U
UV
t
jjjtttjt
j
t  (A-26) 
For a given V, the system of equations is solved numerically by the method of successive substitution, following 
Haugstad[9]. Using an assumed value of U, the right-hand side of Eq. (A-26) is evaluated, from which a new value of U is 
found; i.e., if Eq. (A-26) is written as 
  1
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then the updated value of U is 
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Updating U is repeated until convergence. 
